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Locomotion — a geometric view
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body placement

tree placement

displacement

Posture x Placement 
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Locomotion — a dynamic view
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gravity

centroidal dynamics 
= 

linear + angular 
momenta 

Actuated Dynamics vs Centroidal Dynamics
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The three spaces of movement
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Physical space
posture x placement

Motor space
internal actuation / contact forces

Sensorial space
proprioception / exteroception

Robotics
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Why the locomotion problem is difficult?
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‣ Nonlinear and hybrid dynamics 
‣ Under-actuated dynamics 
‣ Unstable dynamics 
‣ Nonholonomic and unilateral constraints 

‣ Dimensionally of the problem 

‣The system must not fall
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Locomotion as a Mixed-Integer Optimal Control Problem
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state trajectory

control trajectory

phase duration

set of active contacts 

whole-body dynamics

cost function

state and control constraints

min
x,u,(�ts),�s

SX

s=1

Z ts+�ts

ts

`�s(x, ẋ) dt

s.t. ẋ = f�s(x,u), 8t 2 [ts, ts +�ts)

(x,u) 2 K�s , 8t 2 [ts, ts +�ts)

x(0) = x0

x(1) 2 X⇤

initial state is given

final state is viable
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Which types of locomotion current humanoids can do?
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[Atlas, IHMC, ’15] [HRP-2, JRL, ’16]

[Asimo, HONDA, ’14]

Walking

[Atlas, Boston Dynamics, ’16]

Running

Climbing stairs Climbing ladders
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And of course …
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How decoupling can help?
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Multi-body dynamic equations 
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M(q)q̈ + C(q, q̇)q̇ + g(q) = S⌧ + J(q)>�

J(q)q̈ + J̇(q, q̇)q̇ = 0

Lagrangian dynamics of a multi-body system in contact

pk

fk

Manipulator dynamics

Under-actuated dynamics

Mu

Ma

�
q̈ +
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Cu

Ca

�
q̇ +
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gu
ga

�
=
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0
⌧

�
+
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u
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Two approaches to solve multi-contact locomotion problems
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Simultaneous contact planning 
and whole-body generation

[Erez et al., Humanoids, ’13]

First plan contacts, second 
animate the contact sequence

[Kanoun et al., IJRR, ’11]

Coupled approach Decoupled approach
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The multi-contact workflow
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Whole-body  
motion generation

1-2 kHz

Centroidal motion 
generation

100 Hz

Contact sequence 
planner

2-5 Hz

Reachability 
planner

> 1 Hz
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Break the complexity of the locomotion problem  
by relying on reduced/conservative models
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Contact sequence generation
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Whole-body  
motion generation

1-2 kHz

Centroidal motion 
generation

100 Hz

Contact sequence 
planner

2-5 Hz

Root path 
planner

> 1 Hz
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Acyclic contact planning
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Centroidal motion generation

18LAAS Seminar — Optimal Control and Learning in Robotics — March 22nd 2018

Whole-body  
motion generation

1-2 kHz

Centroidal motion 
generation

100 Hz

Contact sequence 
planner

2-5 Hz

Root path 
planner

> 1 Hz

necessity of proxy constraints
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We only consider the centroidal dynamics of the robot
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contact positions pk 

contact forces fk

friction cones

center of mass 

Centroidal dynamics equation

Newton and Euler  
equations of motion

ḣ =
KX

k=1

fk +mg

L̇c =
KX

k=1

(pk � c)⇥ fk
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Reduced optimal control formulation
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min
x,u,(�ts)

SX

s=1

Z ts+�ts

ts

`s(x, ẋ) dt

s.t. 8t ẋ = f(x,u)

8t u 2 K
x(0) = x0

x(T ) 2 X⇤

8t 9 (q, q̇, q̈) s.t. x, ẋ is feasible

centroidal dynamics
forces in friction cones

initial state is given

cost function

final state must be viable

sequence of contacts



/$$6�&156

Reduced optimal control formulation with feasibility constraint
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min
x,u,(�ts)

SX

s=1

Z ts+�ts

ts

`s(x, ẋ) dt

s.t. 8t ẋ = f(x,u)

8t u 2 K
8t x(0) = x0, x(T ) 2 X⇤

8t 9 (q, q̇, q̈) s.t. x, ẋ is feasible

min
x,u,(�ts)

SX

s=1

Z ts+�ts

ts

`s(x, ẋ) dt

s.t. 8t ẋ = f(x,u)

8t u 2 K
x(0) = x0

x(T ) 2 X⇤

8t 9 (q, q̇, q̈) s.t. x, ẋ is feasible

centroidal dynamics
forces in friction cones

final state must be viable

initial state is given

cost function

feasibility constraint
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The feasibility problem
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whole-body 
dynamics space

reduced dynamics 
space

Working with reduced dynamics is equivalent to  
a PROJECTION implying a loss of information

DENSITY MEASURE stores a part of the 
lost information

density measure

µ(x)

x1

x2
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Tailored reduced optimal control problem
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centroidal dynamics

control in friction cones

feasibility measure

min
x,u,(�ts)

SX

s=1

Z ts+�ts

ts

`s(x, ẋ)� log µs(x, ẋ) dt

s.t. 8t ẋ = f(x,u)

8t u 2 K
x(0) = x0

x(T ) 2 X⇤

8t 9 (q, q̇, q̈) s.t. x, ẋ is feasible

cost function

final state must be viable

initial state is given

feasibility constraint

min
x,u,(�ts)

SX

s=1

Z ts+�ts

ts

`s(x, ẋ) dt

s.t. 8t ẋ = f(x,u)

8t u 2 K
x(0) = x0

x(T ) 2 X⇤

8t 9 (q, q̇, q̈) s.t. x, ẋ is feasible
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Learning the center of mass feasibility measure
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We assume each end-effector is independent from each other.

Placement of the 1st end-effector M1
M2

M3

p(c|M1,M2, ...) /
Y

i

p(c|Mi)
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Learning the center of mass feasibility measure in practice
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We learn the probability distribution of the 
CoM to be in the end-effector frame.

JOURNAL OF LATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2015 7

R3. In addition, the independence of end-effector placements
plays the role of an upper-bound for the real probability: if a
CoM is not feasible for at least one of the end-effectors (i.e.
one of the pi(c) is equal to 0), then the joint probability is also
zero. The converse is not true. We empirically show in next
section that this approximation, although intuitively rough, is
quite reasonable in practice and leads to good experimental
results.

2) Kernel density estimation by CoM sampling: There is
in general no closed form to encode pi(c) for a particular
legged robot. Nevertheless, this conditional probability can
be easily approximated by extensive sampling of the CoM
position expressed in the end-effector frames.

Sampling Nsamples of the CoM position expressed in the
frame Mi does not raise particular difficulties. For each
sample, a configuration qa of the actuated joints is randomly
sampled and the CoM position is computed (expressed in
placement frame) by forward kinematics. The sample is
rejected if joint limits or self collision are violated.

The probability distribution can be approximation from
the cloud of CoM points by the kernel density estimators
(KDE) [45]. KDE are in some sense the analogues of
histograms but for continuous domains: for each point of the
data set, it associates one kernel centered on the point and all
kernels share the same parameters. In the present work, we
use isotropic Gaussian kernel.

3) Reduction of dimension: One drawback of the KDE
representation is its computational complexity: evaluating
the exponential function contained in the Gaussian kernel
takes around 10 ns on modern CPU. So, roughly speaking,
evaluating the PDF of the KDE takes approximately
10.Nsamples ns which becomes rapidly a bottleneck when the
number of points is huge (Nsamples greater than 100 points).

We propose to then approximate the KDE by a Gaussian
mixture model (GMM) [46]. GMMs are particularly suited
to approximate a PDF with only few Gaussians in the
mixture. The GMMs are learned for each end-effector
from the corresponding cloud of samples by means of the
expectation-maximization (EM) algorithm [47].

The quality of the GMM approximation can be estimated
using the Kullback-Leibler (KL) divergence between the KDE
(ground-truth) and the learned GMM (approximation) using
the Monte Carlo estimator proposed in [48]. Depending on the
number of Gaussians in the mixture, the divergence can reveal
under or over fitting effects. The optimal number of Gaussians
is easily selected for each end effector by dichotomy, as
exemplified in next section.

4) Summary of the learning procedure: In summary, for
each end effector, Nsamples configurations are sampled and
the corresponding CoM is computed in the end-effector
frame. The resulting KDE is approximated by fitting a GMM
using EM. Finally, the probability of CoM occupancy is
approximated as the product of pi(c), for i the end effectors in
contact with the environment. The OCP cost function is then
given by:

˜̀
s(x,u) = `s(x,u)�

KcX

i=1

log(pi(c)) (13)

Y-Z projection X-Z projection X-Y projection

Fig. 2. Illustration of the probability density distribution of the CoM w.r.t. the
right foot frame of HRP-2, projected along the three axis X,Y,Z. The first row
corresponds to the ground truth distribution estimated through KDE (20000
points). Next rows depict the learned GMM with respectively 5, 7 and 13
kernels in the mixture.

C. Empirical validation of the CoM proxy

Before going further in the definition of tour complete LPG,
we first validate the proposed approximation of the CoM
proxy using the model of the HRP-2 robot. For that purpose,
with illustrate the learning procedure and then validate the
independence assumption.

1) Illustration of the learning procedure: We only expose
for space reasons the learning of the accessibility space of
the CoM w.r.t. the right foot (RF). A similar study can be
conducted on the three other end-effectors.

The learning process is made from a set of 20000 points
sampled uniformly in the configuration space. The KDE of
this set is represented on the first row of Fig. 2. The first
observation is that the PDF of the RF is not convex and follows
a kind of banana distribution on the X-Z sagittal plane. In other
words, this means that the distribution cannot be approximated
by a single normal distribution but must be composed of
several ones. The second row of Fig. 2 represents the colour
map of the GMM used inside the OCP. At this stage, it is
important to notice that the approximation with GMMs does
not fit perfectly the maximal values of the real distribution.
However, this approximation is conservative with respect to
the support and the level sets of the original distribution.

Fig. 3 highlights the experimental procedure suggested in
Sec. III-B3 and shows the evolution of the KL-divergence
with respect to the size of the GMMs. For the right and
left feet, the KL-divergence stagnates from 7 kernels in the
mixture. In other words, it is sufficient to takes a GMM of
size 7 to represent the CoM distribution in the foot frames.
For the right and left grippers, it is a little bit different.

Density estimation
20 000 kernels

Approximation  
3 GMMs

Approximation
5 GMMs

Approximation
7 GMMs
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Final formulation of the problem
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centroidal dynamics
control in friction cones

min
x,u,(�ts)

SX

s=1

Z ts+�ts

ts

`s(x, ẋ)� log µs(x, ẋ) dt

s.t. 8t ẋ = f(x,u)

8t u 2 K
x(0) = x0

x(T ) 2 X⇤

8t 9 (q, q̇, q̈) s.t. x, ẋ is feasible

cost function

final state must be viable
initial state is given



Solver specifications: 
warm starting of the problem 
exploiting sparsity induced by time 
durations of phases must be optimized 
handle an unstable dynamics 

Potential methods:  
collocation 
differential dynamic programming 
single shooting 
multiple-shooting
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Efficient resolution of the optimal control problem
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User Manual
MUSCOD-II Release 6.0

Christian Ho↵mann Christian Kirches Andreas Potschka

Sebastian Sager Leonard Wirsching

based on the previous version by

Moritz Diehl, Daniel B. Leineweber, Andreas A. S. Schäfer

Simulation & Optimization Group

Hans Georg Bock and Johannes P. Schlöder

Interdisciplinary Center for Scientific Computing (IWR)

University of Heidelberg, Germany

March 28, 2011

1

[Leineweber et al., CCE, ’03]
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Implementation of a dedicated multiple-shooting solver
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time

st
at

e,
 c

on
tro

l

Generic optimal control problem  
to solve:

Transforming into 

a non-linear problem

min
x,u

Z T

0
`(x,u) dt

s.t. 8t ẋ = f(x,u)

8t g(x,u) � 0

x(0) = x0
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Whole-body motion generation
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Whole-body  
motion generation

1-2 kHz

Centroidal motion 
generation

100 Hz

Contact sequence 
planner

2-5 Hz

Root path 
planner

> 1 Hz
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Whole-body motion generation
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Recall that the whole-body dynamics is given by:

M(q)q̈ + C(q, q̇)q̇ + g(q) = S⌧ + J(q)>�

J(q)q̈ + J̇(q, q̇)q̇ = 0

We solve a second optimal control problem:

min
x,u

Z T

0
`tracking(x,u) + `reg(x,u) dt

s.t. 8t ẋ = f(x,u)

x(0) = x0
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Differential Dynamics Programming
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Discrete version of  the optimal control problem:

xk+1 = xk + f(xk,uk)�t discretized dynamics

Bellman equation:

Vi(x) = min
ui

[ `(x,ui) + Vi+1(x+ f(xi,ui)�t) ]

value function at time iVi(x) = min
ui,...,uN�1

Ji(x,ui, · · · ,uN�1)

cost-to-go at time iJi(x,ui, · · · ,uN�1) =
N�1X

k=i

`(xk,uk)�t+ `f (xN ) | xi = x

Solving a quadratic version of the Bellman equation: 

�ui = ki +Ki�xi feed-back control



Experimental results













Duality between control and estimation
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Duality between estimation and control
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